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Finite Element Method for Optimal Guidance
of an Advanced Launch Vehicle

Dewey H. Hodges,* Robert R. Bless,* Anthony J. Calise,| and Martin LeungJ
Georgia Institute of Technology, Atlanta, Georgia 30332

A temporal finite element based on a mixed form of Hamilton's weak principle is summarized for optimal
control problems. The resulting weak Hamiltonian finite element method is extended to allow for discontinuities
in the states and/or discontinuities in the system equations. An extension of the formulation to allow for control
inequality constraints is also presented. The formulation does not require element quadrature, and it produces
a sparse system of nonlinear algebraic equations. To evaluate its feasibilty for real-time guidance applications,
this approach is applied to the trajectory optimization of a four-state, two-stage model with inequality con-
straints for an advanced launch vehicle. Numerical results for this model are presented and compared to results
from a multiple-shooting code. The results show the accuracy and computational efficiency of the finite element
method.

Introduction

F UTURE space transportation and deployment needs are
critically dependent on the development of reliable and

economical launch vehicles that will provide flexible, routine
access to orbit. The current Space Shuttle represents an effort
to build one vehicle to serve many roles. The Space Shuttle is
largely autonomous in its on-orbit, deorbit, and entry through
landing guidance. However, an extensive amount of ground
support is required to prepare the guidance system for launch.
Thus, future launch systems will require onboard algorithms
that maximize system performance as measured by autonomy,
mission flexibility, in-flight adaptability, reliability, accuracy,
ard payload capability. They must be computationally effi-
cient, robust, self-starting, and capable of functioning inde-
pendently of ground control. Also, the algorithms must be
designed with the anticipation that the launch vehicle will un-
dergo evolutionary growth.1

One approach to optimal guidance consists of repeatedly
solving a two-point boundary-value problem that results from
the traditional necessary conditions for optimality in an opti-
mal control problem formulation. The vehicle state at discrete
instants of time along a trajectory can be viewed as a new
starting condition, and the remainder of the trajectory is reop-
timized for that condition. The open-loop optimal control is
applied for a short interval of time, and feedback is introduced
by reoptimization at the next time instant. This process presup-
poses that the two-point boundary-value problem can be reli-
ably solved in a time interval that is small compared with the
control update interval. Knowledge of the previous solution
helps in providing a good starting point for the optimization
process; however, no method has been demonstrated that can
operate reliably in a real-time environment.
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In Ref. 2, a weak formulation for the solution of optimal
control problems was derived based on Hamilton's weak prin-
ciple. The so-named weak Hamiltonian finite element for-
mulation was derived in such a way that very crude shape
functions could be employed, thus eliminating the need for
element numerical quadrature (even for the most nonlinear of
problems). Furthermore, the formulation was presented with
such generality that one could solve any optimal control prob-
lem belonging to the class of problems considered simply by
providing the various elements of the performance index
and the proper boundary conditions. The versatility, accuracy,
and ease in implementing the formulation was demonstrated
in two examples of elementary trajectory optimization. For
these reasons, it is believed that the weak Hamiltonian for-
mulation holds significant advantages over other finite ele-
ment techniques.3'4

In this paper, the weak formulation is developed further,
allowing for an even broader class of problems to be solved.
We begin by presenting a summary of the weak formulation
presented in Ref. 2. Next, the formulation is extended to han-
dle discontinuities and control inequality constraints. A model
of an advanced launch vehicle (ALV) is then presented and
numerical results are presented herein. The numerical results
are compared with a multiple-shooting code as a check on the
accuracy of the solution. Of particular interest is the perfor-
mance in terms of execution time and accuracy vs the number
of elements used to represent the time span of the trajectory.

Weak Principle for Optimal Control
A weak formulation for optimal control problems with

continuous state, costate, and control histories is presented in
Ref. 2. Therein, it is shown that the formulation weakly (i.e.,
in a variational sense) satisfies the Euler-Lagrange equations
and boundary conditions that have already been established in
optimal control theory.5 The derivation begins with a perfor-
mance index taken from Eq. (2.8.4) of Ref. 5. The first varia-
tion of the performance index is taken in a standard manner
with states and controls having arbitrary variations. Also, all
strong boundary conditions are transformed into natural or
"weak" boundary conditions by adjoining a constraint equa-
tion to the performance index with an unknown Lagrange
multiplier. The final weak form is then obtained by integration
of this equation by parts in such a way that no time derivatives
of states or costates appear. The advantages of the weak
formulation are that 1) no numerical quadrature is required,
2) the nonlinear algebraic equations possess a very sparse Jaco-
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bian, and 3) the resulting algebraic equations are easily pro-
grammed and can be solved very quickly, especially when spar-
sity is exploited.

Although many practical problems in optimal control the-
ory can be solved by using the weak formulation described in
Ref . 2, there are problems that require more generality. Specif-
ically, the weak formulation must be extended to allow for
discontinuities (in the states and/or system equations) and
inequality constraints placed on the controls and states. Dis-
continuities might arise when finding the optimal trajectory of
a multistage rocket. At the time the first stage is dropped, the
mass state would suffer a discontinuity. Furthermore, the
thrust of the rocket (one of the system parameters) would also
change at this staging time, thereby creating a discontinuity in
the system equations. These discontinuities produce jumps in
the states, costates, and possibly the control variables.

The theory to extend the weak formulation to handle prob-
lems with discontinuities is described next. The inclusion of
control inequality constraints is outlined in this paper; how-
ever, greater details and an example of the use of the method
are given in Ref. 6. Because additional conditions are neces-
sary for optimality when state constraints are present,7 the
theory for state constraints along with examples will be pre-
sented in a later paper.

Theory for State Discontinuities
The derivation of the weak formulation to include state

discontinuities (or jumps) and discontinuities in the system
equations is similar to the derivation in Ref. 2; however, spe-
cial care must be taken because of the unknown staging time.
Therefore, the details of the derivation are presented below for
a problem with one discontinuity. Of course, the extension of
the formulation to problems with multiple discontinuities is
possible and should not present special difficulties.

Consider a problem with one discontinuity where the time
of discontinuity will be called the staging time and denoted by
ts. The formulation must be modified to accommodate the
unknown staging time ts, the constraint on the states at ts (as
opposed to a constraint on the states at the final time), the
jump in the states at ts, the jump in the costates at /5, the
change in state equations at ts (due to the change in system
parameters), and finally the transversality condition to find /s.
Furthermore, the control u may be discontinuous at the stag-
ing time.

Now, let a system be defined by a set of n states x and a
set of m controls u. Furthermore, let the system be governed
by a set of state equations of the form x=fI(x,u,t) before
ts and x=fn(x,u,t) after ts. Elements of the performance
index J0 may be denoted with integrands L/(x,u,t) before
ts, L f f ( x , u , t ) after /5, a function <t>[x(t0)9x(tf),t0,tf], where
the initial and final times are denoted by t0 and tf, and a
function (f>s[x(t~ ),x(ts

+ ),/5], where t~ and ts
+ denotes in-

stants just before and after the staging time ts, respectively. In
addition, any constraints imposed on the states and time at /0
and //may be placed in a set of functions [x(to),x(tf)t0,tf]9
whereas constraints imposed at t~ and t+ may be placed in
[x(t~ ),x(ts

+ ) , t s ] . These constraints may be adjoined to the
performance index by discrete Lagrange multipliers v and vs,
respectively. Finally, the state equations may be adjoined to
the performance index with a set of Lagrange multiplier func-
tions X(/) that will be referred to as costates. For notational
convenience, we define <£> = </> + vr^ and $5 = fa + v*\l/s . For
variables ts and //, this yields a performance index of the form

\T(f,-x)]dt

(1)

The constraint equations to be adjoined to the performance
index to transform the strong boundary conditions to weak

ones are simply that the states be continuous at the initial and
final times.2 Introducing

x0 = x t ^ \imx(t) and xf = x , = lim x(t) (2)
/-?n+ J t-tr

and

and xf = x\t 4 x ( t f ) (3)

continuity is weakly enforced by adjoining <xT(x-x)\!f
0 to J0

where a is a set of discrete unknown Lagrange multipliers
defined only at tQ and //. The new performance index is

.,, + Xr(//,-*)]d'

4- aT(x-x) (4)

Now, denote with <5( ) the variation of ( ) when holding time
fixed, and let d( ) be the variation of ( ) when time is allowed
to vary. The fixed and free-time variations at / = t0 and t = tf
are related by5'8

dx(t0) = dx(t0) and dx(tf) = dx(tf) - x\tf dtf (5)

and similarly for X. (Note that /0 is considered to be a fixed
time so that d/0 = 0-) The free and fixed-time variations at
/ = t~ and / = // are related by

and

= dx(ts
+)-x [ + dts

(6a)

(6b)

and similarly for X. It is noted that if a particular state
(or costate) does not have a discontinuity at t = ts, then the
corresponding free-time variation is continuous at ts, i.e.
d x ( t ~ ) = dx(ts

+). Now, proceeding with the development
of the weak form, the first variation of J is taken and the 5x
term appearing in both integrands is integrated by parts. The
resulting equation is

dJ= [6L/ + 6//
rX + <5XV/-*) + <5;trX] dt - dxT\\!s~

+ [dL /f + bff, X + <5Xr(/// - x) + dx T\] d t - dx T\\ v

A T/** Y+ &CT (—-}
\dxj

dar(x-x)

dt

(7)

A necessary condition for an extremal of J is that the
first variation be zero. Also, the admissible variations of the
states are chosen to be continuous at the initial and final times
and therefore (dx - dx)\^=0. For notational convenience, de-
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fine H, = L/ + X7//, //// = L// + X7///, and

and X/ = X
9*

(8)

Finally, by using Eqs. (5) and (6) to eliminate 5x at t0, t~ , // ,
and tj, Eq. (7) can be simplified with the use of Eq. (8), to

fQ

du dt

+ X -X) 6a:r(;t-.x)

dt -0

(9)

It is easily verified that the necessary conditions for an ex-
tremal of J, as defined in Ref. 5, are contained in the coef-
ficients of the virtual quantities [i.e., the d( ) and d( ) terms]
of Eq. (9). This is described in Ref. 2, and thus only the new
boundary conditions that appear as the result of the staging
are discussed here. Specifically, the requirement for the coef-
ficient of dvs to vanish yields Eq. (3.7.3) of Ref. 5. The require-
ment for the coefficient of dx\t- to vanish yields Eq. (3.7.11),
whereas the requirement for the coefficient of dx\t+ to van-
ish yields Eq. (3.7.12). Finally, the coefficient of dts is the
transversality condition in Eq. (3.7.13).

Having satisfied the requirement that none of the funda-
mental equations are altered, the weak formulation may now
be derived. First, we choose 5ce = dX as described in Ref. 2.
Next, the Jc and X terms in Eq. (9) are integrated by parts. Also,
Eq. (5) is used to eliminate dx and dX at tQ and tf. The resulting
equation is

dt
du J

duT

-d\Tx

du

-dxr\

+ —— ~H —— 1 = 0
(10)

Note that an Jir^X-X)!, term and a ^T(x-x)\tf term should
appear in the dtf equation, but these terms are each zero in
accordance with the natural boundary conditions [see the djc
and 60: coefficients in Eq. (9)]. Equation (6) is now used to
eliminate dx at ^s~ and // . Again, the natural boundary con-
ditions in Eq. (9) must be used to avoid changing the dts
coefficient. The weak principle is now given as

dxj duJ

dx J

duT

du

7MVvw
dt + dxr\

d\Tx

-d\Tx

dts
dts dt// \tf (11)

This is the governing equation for the weak Hamiltonian
method for optimal control problems of the form specified. It
will serve as the basis for the finite element discretization de-
scribed next for constructing candidate solutions (i.e., solu-
tions that satisfy all of the necessary conditions).

Finite Element Discretization
Because of the staging, the finite element discretization must

be handled slightly differently than it was in Ref. 2. Therefore,
for clarity, full details of the discretization are given. Let the
time interval from t0 to t~ be broken into NI elements and the
time interval from t+ to // be broken into N2 elements. For
notational convenience, define 7V = N\ +N2. The nodal values
of time for these elements are f / for / = 1,2,... ,N + 1 where
^o = t\, ts = tNl + i, and tf = tN+1. A nondimensional elemental
time r is defined as

(12)
A//

Since one derivative of dx and 6X appears in Eq. (11), linear
shape functions for dx and <5X may be chosen. Since no deriva-
tives of x or X appear, then piecewise constant shape functions
for jc and X are chosen. These shape functions are taken to be

dx =

and

if r = 0
if 0 < r < l
if r= I

(13)

(14)

and similarly for 6X and X. The superscripted plus and minus
signs signify values just before and after the subscripted nodal
value. For all nodes except the N\ + 1 node that corresponds to
ts, the values for x and X, as well as for dx and 6X, are equal
on either side of the node. Furthermore, it is important to
understand that xf = XQ = x(tQ), Xf =X 0 = X(/0),
XN+I = xf = x(ff)y anc* X^+ 1 = X/ = X(^/). We can choose u = u{
and du — dUj as shape functions for the control and its varia-
tion since these quantities are never differentiated with respect
to time.

Plugging in the shape functions described for jc, X, and w ,
substituting f = / / + r A f / , and carrying out the integration
over T from 0 to 1, a general algebraic form of the Hamiltonian
weak form for optimal control problems is obtained. The alge-
braic equations are
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* -
N + l

dropped, except on xNl + \ and X N ) + 1 since these values are
distinct. The algebraic equations now take the form

dx

_T ~ _

(15)

where H=H(x,u,t), H = H(x,uJ), and / and f represent the
value of the time either at the interior of an element or at a
node itself. Note that there are not only boundary conditions
at t0 and // but also additional boundary conditions at the
staging time ts, namely the coefficients of 8x^ + 1 , <5;t^i + 1 ,
<5X^ i + 1 , and 6X^ l + 1. This is where the jumps in the states
and costates are allowed to occur.

Equation (15) is a system of nonlinear algebraic equations.
The coefficient of each arbitrary virtual quantity (dx, <5X, du,
dts, dtf, dvs, and dv) must be set equal to zero to satisfy
Eq. (15). However, not all of the previous virtual quantities
are independent. As stated earlier, 8x* = 8x{~ for all / except
/ = NI + 1, which is the node number corresponding to the
staging time. At this node, it was observed from the calculus
of variations that the virtual quantities suffer a discontinuity.
Now, the coefficients of 8x^} +1 and 8x^ + \ may be treated as
separate equations; however, a different option has been cho-
sen in an attempt to provide uniformity to the equations to be
programmed. Define

and

(16)

(17)

When these values are substituted into Eq. (15), then two
new arbitrary virtual quantities appear, namely dxN] + \ and
<5?7x. Figure 1 helps clarify the assembly process of the virtual
states. The figure shows three straight lines depicting linear
shape functions over three elements. For the nonjump node
N I , the virtual quantities are equal at the node and replaced
with <5jCyv,. At the jump node, however, 8xjtj} + j and 8x^jl +1 are
replaced with an average value dxNl + \. Another virtual quan-
tity <5??x also appears but is not shown in Fig. 1. The coefficient
of <5jt/v, + 1 is now of the same form as all of the other dx terms
and the 6^x coefficient contains an equation to extract the
needed nodal value of X at ts, namely Xyy i + 1 . To simplify
matters further though, the coefficient of drjx can be replaced
with a still simpler expression to extract the needed nodal
value. This expression comes from the recursive equation

(18)

which is derivable from application of Eq. (15) to a single-
stage, single-element system. Here z represents either the state
x or the costate X. The first nodal value z\ is equal to the initial
values of the states and costates that are represented by xf and
X,+ in Eq. (15). The same process is done with the <5Xyv i + 1
and <5X^ ] + 1 terms so that a d\N] + \ and 5rjx are introduced.
As a final step, all superscript plus and minus signs can be

-d/J(^1 + 1-^1 + 1 + a ^

2 \dxj.) ""T 2

- - " 1

(19)

Equation (19) may be used to solve optimal control problems
that suffer a discontinuity in the trajectory. Often in practical
applications, these algebraic equations may be simplified
slightly to minimize the number of unknown variables. Con-
sider the case (as will be seen in the example) where \l/s is a
scalar function of one variable at t~ and // , i.e, there is a
known jump in one of the states.

More specifically, since the jump in the states expressed as
XN , + 1 - JCyv, +1 is known, then the coefficient of 6 Xyv, + 1 will be
replaced with an actual numerical value, such as the drop mass
of a booster rocket stage. Also, <J>5~ would be retained to define
the unknown staging time, but <t>5

+ would be set to zero since
the jump has already been solved for. Then the jump in the

Fig. 1 Assembly of virtual states.
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states, m controls, one constraint on the states at ts, and q2
constraints on the states at tf. There will be TVj elements in the
first stage and 7V2 elements in the second stage. The given
boundary conditions will be for XQ and X/. The number of
unknowns is 2n (for X0 and £/) + 2n (N\ + 7V2) (f°r */ and X/ in
the first and second stages) +2n (for £^1 + 1 and X^i + 1)
+ m(Ni+N2) (for «/ in the first and second stages) + 3ra (for
u at t~ , ts

+ , and tf) + 1 (for vs) + q2 (for v) +2 (for tsand ^).
The number of equations is 2n(Ni+N2+ 1) (for dXj and 6X/)
+ 2fl (for 6rjx and 6r?x) + m(Ni+N2) (for <5w/) + 3ra (for
d///d« =0 at f/ , f5

+ , and ?/) +1 (for 6i>5) + <?2 (for di>) + 2
(for d/5 and d//). Thus, the number of equations and un-
knowns is the same. Remember that the solution of these
equations is an approximate solution of the necessary condi-
tions. One must still perform second-order calculations (i.e.,
82H/du2) to test for a minimum or maximum.

Fig. 2 Assembly of states.

costates may be defined as

8x
(20)

To use Eq. (19), one would let jfov, + i and XN, + I be the
unknown variables and then replace *jv, + i (from the physical
jump condition) and X^ + i [from Eq. (20)] in terms of other
unknowns. Note that if there is no jump condition on a partic-
ular state or costate, then the nodal values just before and after
staging are equal. Figure 2 helps clarify this process. In Fig. 2
are shown three piecewise constant shape functions spanning
three elements. The solid black circles in the top half of the
figure represent the hatted or nodal values of the states at the
beginning and end of the element. Note that only the jump
node is labeled. After assembly, two conditions can occur. If
there is no jump, then the nodal values from the left and right
sides are equal and do not appear in the algebraic equations.
These "disappearing" nodal values are represented by the hol-
low circles in the lower half of the figure. [Values are recover-
able there by use of Eq. (18).] If there is a jump, then the nodal
values jtjv, +1 and jfo, +1 are not equal, but only jcjv, +1 is treated
as an unknown (represented by the solid black dot) and XN} + \
is eliminated from the equations in terms of JCN, + I . Thus it is
now one of the "disappearing" nodal values also and depicted
by a hollow circle.

In addition, one must introduce the optimality condition
(dH/du = 0) at t~ and t+ to solve for the values of the control
u just before and after the staging time. (Note that the optimal-
ity condition could be adjoined to the performance index
initially, rather than introducing this equation separately.)
Finally, the coefficient of the dts equation (i.e., the continuity
of the Hamiltonian) gives the extra equation to solve for the
unknown staging time ts.

Also, as was noted in Ref. 2, for most problems the initial
conditions are given for all n states and thus, in accordance
with Eq. (8), all the initial costates are unknown. Therefore,
instead of treating elements of v at t - tQ as unknowns and
replacing X|,0 with these unknowns, we will instead treat X | / 0
as unknowns and eliminate the 6*>|,0 equations from the weak
principle.

It may be instructive to count the number of equations and
unknowns for a given problem. Consider a problem with n

Theory for Control Inequality Constraints
Consider a system of n states x and m controls u defined by

x=f(x,u,t). Suppose that g is a/7 x 1 column matrix of con-
trol constraints of the formg(jt ,w,/)<0. Oneway of handling
inequality constraints is to use a "slack" variable.9 The idea
is that if g < 0 then g plus some positive number (i.e., the slack
variable) is equal to zero. Thus denoting the slack variable by
k2, then the following/? x 1 column matrices for AT and 6 K, the
variation of K, may be defined:

K= Ik2 k2 k2
p\T

2k2dk2 2kpbkp \ (21)

The constraint now becomes g (x, u, t) + K = 0 and will be ad-
joined to the performance index by using p Lagrange multi-
plier functions p ( t ) .

The new performance index with the constraint equations
on the states adjoined so that all strong boundary conditions
are transformed into natural boundary conditions is

(22)

Once again the weak principle is derived in an analogous
manner as given earlier. The details of the derivation and an
example showing the explicit use of the formulation are given
in Ref. 6.

Denoting the variations of the variables at the initial and
final times with subscripts 0 and/, then the resulting equation

dx —duj du

dt

a/
6X0^0 - 0 (23)

Note that in Eq. (23) a value for u is required at tf. To obtain
u, one must also find the values of K and ^ at tf. These
unknowns are found by setting the coefficients of 6w/, <5#/\
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and <5juJ equal to zero in the following: The vehicle parameters chosen for this model are

. T\(dL\ (v\\ /dgduf — + — X + —fl\duj \duj \du

(24)

Equation (23) is the governing equation for the weak Hamil-
tonian method that includes inequality constraints on the con-
trols. The next step is to introduce constant shape functions
within each element for k and /z:

dk = 5k j , (25)

These shape functions (along with the ones described earlier)
may be substituted into Eq. (23). The integration may be done
by inspection to obtain a set of algebraic equations. Note that
there are an additional Np unknown k and Np unknown jj,,
along with 2Np extra equations (from the 5K and <5ju, coeffi-
cients). Thus, the number of equations and unknowns is still
the same.

Finally, note that if a given problem has discontinuities and
control constraints, then the theory described earlier may be
combined to solve the problem. Thus, one breaks the time line
into two or more pieces, adjoins the control constraint(s) to
each integral, and finally derives the governing equations as
before.

Model for an Advanced Launch Vehicle
In this section, a model is presented that is suitable for

evaluating the usefulness of the weak Hamiltonian finite
element approach to real time guidance of an ALV. A two-
stage, four-state vehicle is considered that has two control
inequality constraints and one state constraint.

We confine our attention to vertical plane dynamics of
a vehicle flying over a spherical, nonrotating Earth. This re-
sults in the following model for the states m (mass), h (height),
K (velocity), and 7 (flight-path angle):

TA vacm = — ——
glsp

h = K sin 7

T cos OL — D fi sin 7y —
m

7 = mV cos 7 (26)

where Tis the thrust, D the drag, and L the lift. Here a, the
angle of attack, has been adopted as a control variable.

The aerodynamic, propulsion, and atmospheric models are
given by the following equations:

T=Tvac-Aep(h),
a(h)

r =Re + h, q = - —

D = qSCD(M,a), L = qSCL(M,a) (27)

The atmospheric data for density p, pressure /?, and speed
of sound a are obtained from Ref. 10.

Sf = 131.34m2,

TvaCf = 25,813,400 N,

Aej = 37.515 m2,

m

TvaCll = 7,744,020 N

Ae/J = 11.254 m2

= ISPll = 430.0 s (28)

where subscripts / and // refer to the first and second stages,
respectively.

The aerodynamic coefficient data CD and CL are defined as
functions of the Mach number M and angle of attack a.11 The
physical constants used in the preceding model are the Earth's
gravitational constant /it = 3.9906x 1014 m3s-2, the Earth's
mean radius Re = 6.378x 106 m, and the acceleration due to
gravity g =9.81 ms~2 .

The three constraints are:

gi(x,u,t) = aq -2925 rad-Pa < 0

g2(x,u,t)= -(aq+ 2925) rad-Pa <0

q(h,V)- 40,698.2 Pa < 0 (29)

None of these constraints are violated. However, the first will
be enforced with smaller values of its upper band.

The continuous and discrete elements of the performance
index are

> = m t (30)

and the final time //is open. The initial conditions specified are
m (0)=1.52345 x 106 kg, /i(0) = 400 m, K(0) = 64.48941 m/s,
and 7(0)-89.5 deg. The final conditions are h(tf)= 148,160.0
m, V(tf) = 7858.1995 m/s, and y(tf) = Q.Q deg. The burnout
mass of the first stage is 645,500 kg and the drop mass of the
booster is 98,880 kg.

The finite element equations are solved by a Newton-Raph-
son method. An explicit Jacobian is formed and the sparse
matrix solver as coded in Ref. 12 is used at each iteration.
Initial guesses were obtained in a trial-and-error manner. By
relaxing the initial and final conditions on the states, a solution
was obtained for a small number of elements. Then, new solu-
tions were obtained as the initial conditions were slowly
brought back to the prescribed conditions. Finally, initial
guesses for a higher number of elements were found by inter-
polating the results from a solution based on a smaller number
of elements.

Results
In Figs. 3-10, numerical results for the ALV model with no

constraints enforced are given for 2, 4, and 8 elements per time
interval, where the number of elements is denoted by (N\ :N2)
on the plots. These results are compared to a multiple-shoot-
ing code13 as a check on the accuracy of the method and of
the program. For the unconstrained case, the state histories
are shown in Figs. 3-6 and the costate histories are shown in
Figs. 7-10. For all cases, the (8:8) run lies on the essentially
exact curve corresponding to the multiple-shooting (MS) code.
In general, even the (4:4) run yields an excellent approximation
to the solution.

The control time history is shown in Fig. 11. It is seen from
this graph that although the (8:8) run is close to the exact
curve, it has not converged on the answer. Because of the large
slopes and sharp peaks in the control, the finite element
method required 16 elements in the first stage to converge on
the solution. However, it is important to note that accurate
results are still obtained with only eight elements in the second
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stage. Thus it is possible to cluster elements as required to
refine the solution.

As a feel for the global convergence of the method, the
Hamiltonian of the unconstrained system is plotted in Fig. 12
for 2, 4, 8, and 16 elements per stage. Convergence toward the
exact answer of zero with an increase in the number of ele-
ments is easily seen.

Figure 13 shows a graph of aq. (The dynamic pressure q is
not shown because it does not violate the constraint.) It can be
seen clearly that the control constraint, gi, is close to being
violated. This is the only constraint that was added to the
program to generate the next two graphs.

In Figs. 14 and 15, the control constriant (g\ = aq - 2925.0)
has been included in the finite element formulation. For aca-
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Fig. 9 Velocity costate vs time.
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Fig. 10 Flight path angle costate vs time.

demic purposes, the unconstrained case and two unrealistic
constraints are presented. Even for the most severe constraint,
the time histories for the states, costates, and dynamic pressure
and the value of the performance index are virtually un-
changed. Also, no significant extra computer time was ex-
pended.

The (4:4) results for the constrained case were obtained in
1.1 CPU s on a SUN 4/370. This time represents the solution
of 112 simultaneous nonlinear equations. The corresponding
Jacobian is composed of 91.5% zeroes. The (8:8) results were
found in 2.0 CPU s. This represents the solution of 200 equa-
tions whose Jacobian matrix contains 94.8% zeroes. Five iter-
ations were required with a Newton-Raphson method to con-
verge on the solution for both cases. Of course, the number of
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iterations depends on the quality of the initial guesses. In an
onboard computational setting, the initial guesses should be
quite good since they would probably be determined from a
previously obtained solution. Therefore, real-time guidance
may be realizable with this solution procedure.

Conclusions
In this paper, a finite element method has been developed

that allows one to solve optimal control problems that have
state discontinuities and/or discontinuities in the system equa-
tions as well as problems with control inequality constraints.

To address the future needs of real-time guidance for ad-
vanced launch systems, we present a four-state, two-stage
model for the dynamics of mass, altitude, velocity, and flight-
path angle. The angle of attack is the control. The results
obtained by using the weak Hamiltonian finite element formu-
lation for the four-state ALV model were compared with an
essentially exact numerical method based on multiple shoot-
ing. The results show that the finite element method produces
an accurate solution even when a small number of elements are
taken. Furthermore, the finite element results were obtained
within a short enough time to make the method a strong can-
didate for real-time optimal guidance. Finally, the algebraic
equations that are derived for the finite element formulation
are found without any numerical quadrature and can be easily
programmed on a computer.
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